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Abstract
In our preceeding reports, we have pointed out that a unified description of weak decays
accompanying neutrinos and the oscillation process is obtained on the basis of the expectation
values of flavor-neutrino numbers with respect to the neutrino-source hadron state. In the
present report, we investigate the effect on the expectation values due to the deviation from
Fermi’s golden relation, and give concrete features of these deviations in the case of π+ and
K+-decays under the simple situation with the 3-momentum ~pA = 0 for A = π
+, K+.
1 Introduction
1.1 Purpose
It has been pointed out in the preceeding papers Ref.[1, 2, 3] that a unified description of the
weak decays accompanied by neutrinos as well as the neutrino-oscillation process is obtained when
we consider the expectation values of the flavor-lepton numbers with respect to neutrino-source
hadron state A. (In Ref.[3] and also in the following we consider mainly the cases A = π+ and
K+.)
From the expectation-value approach, we obtain the quantities which are natutally interpreted
as the decay probabilities where the neutrino-mixing exists, and also the quantities as the neutrino-
oscillation formulas.
Being motivated by Ref.[4], we have considered in Ref.[3] the ration X1/X2 of the two relevant
quantities X1 and X2 in order to see the situation how Fermi’s golden relation holds. In the
following, after remembering the structures of the ration X1/X2 given in Ref. [3], we examine the
difference X1 −X2 between those two relevant quantities; the difference X1 −X2 corresponds to
the difference examined in Ref.[4], and the these two kinds of quantities, X1/X2 and X1 −X2 are
simply related with each other through the fundamental arithmetic operations. This situation is
to be confirmed through numerical calculations.
1.2 Definitions of relevant quantities
In this subsection we summarize the definitions of relevant quantities, which are used in our
preceding work Ref.[3].
The lowest-order contribution to the expectation values of charged-lepton number Nℓσ(x
0)
mainly comes from the expectation value
〈Nℓσ , A+;x0, x0I〉I = 〈A+(x0)|
∫ x0
x0
I
d4y
∫ x0
x0
I
d4zHint(z)Nℓσ(x
0)Hint(y)|A+(x0I)〉. (1)
The dominant contribution comes from the diagram shown by Fig.1.
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Figure 1: Dominant contribution to 〈Nℓσ, A+(p);x0, x0I〉. This diagram is the same as Fig.2 in
Ref.[3].
We write this dominant contribution as −〈n¯ℓσ , A+(p);x0 − x0I = T 〉. Concretely we obtain the
the absolute value of the expectation value of ℓ¯σ-number
〈n¯ℓσ, A+(p);x0 − x0I = T 〉 ∼=
[GF fA√
2
]2 1
2EA(p)V
∑
~q
∑
~k
δ(~p,~k + ~q)
×
∑
j
Z
1
2
σjZ
1
2
∗
σj R(jjk, σq, p)
[ sin(T (EA(p)− Eσ(q)− ωj(k))/2)
(EA(p)− Eσ(q)− ωj)/2
]2
, (2)
where
R(jjk, σq, p) =
2
ωj(k)Eσ(q)
[
m2A(k
(j) · q) + 2(q · p)(k(j) · p)];
with the notation (k(j) · q) = ~k~q − ωj(k)Eσ(q) and the neutrino-mixing matrix
[
Z
1
2
σj
]
, appearing
in the relation between the flavor- and mass-neutrino fields, i.e. νρ(x) =
∑3
j=1 Z
1
2
ρjνj(x), for ρ =
e, µ, τ . (See Eqs. (27) ∼ (29) in Ref.[3].)
We can define the decay amplitude due to the charged-current Hint(z) used for deriving (2);
A(A+(p)→ ℓ¯σ(q, s) + νj(k, r);x0 − x0I = T )
:= 〈ℓ¯σ(q, s) + νj(k, r);x0
∣∣− i ∫ d~z ∫ x0
x0
I
dz0Hint(z)
∣∣A+(p);x0I〉. (3)
(Here, s and r represent the helicity.) As pointed out in Ref.[3], we obtain
∑
j
∑
~q,s
∑
~k,r
∣∣∣A(A+(p)→ ℓ¯σ(q, s) + νj(k, r);T )∣∣∣2 = 〈n¯ℓσ, A+(p), x0 − x0I = T 〉. (4)
The decay probability P (A+(p)→ ¯ℓσ(q) + νj(k) for energetically allowed ℓσ per unit time is
P
(
A+(p)→ ℓ¯σ(q) + νj(k)
)
:=
∑
~q,s
∑
~k,r
[∣∣A(P (A+(p)→ ℓ¯σ(q) + νj(k));T ∣∣2/T ]
T→large
=
[GF fA√
2
]2
|Z1/2σj |2
∫
d~q
(2π)3
· 2πδ
(
EA(p)− Eσ(q)− ωj(k)
)
2EA(p)
R(jjk, σq, p)
∣∣∣
~p=~q+~k
. (5)
In the above derivation, we have used the relation for a large T ,
[ sin(T (EA(p)− Eσ(q)− ωj(k))/2)
(EA(p)− Eσ(q)− ωj(k))/2
]2 ∼= 2πδ(EA(p)− Eσ(q)− ωj(k))T, (6)
called Fermi’s golden relation. (See Ref.[5].) From Eqs. (4) and (5), we obtain the relation in the
case of energetically allowed ℓ¯σ[
〈n¯ℓσ, A+(p);x0 − x0I = T 〉/T
]
T→large
=
∑
j
P
(
A+(p)→ ℓ¯σ(q) + νj(k)
)
(7)
2
Under the condition mA > mσ +mj where mσ is the mass of ℓσ, we obtain
P
(
A+(~p = 0)→ ℓ¯σ(q) + νj(k)
)
=
(GF fA)
2
8π
|Z1/2σj |2mAm2σ
(
1 +
m2j
m2σ
− (m
2
σ −m2j)2
m2Am
2
σ
)
×
√{
1− (mσ +mj)
2
m2A
}{
1− (mσ −mj)
2
m2A
}
; (8)
due to mj/mσ << 1
R.H.S.ofEq.(8) ≃ (GF fA)
2
8π
|Z1/2σj |2mAm2σ
(
1− m
2
σ
m2A
)2
.
Thus we obtain
∑
j
P
(
A+(~p = 0)→ ℓ¯σ(q) + νj(k)
) ∼= (GF fA)2
8π
mAm
2
σ
(
1− m
2
σ
m2A
)2
:= P0
(
A+(~p = 0)→ ℓ¯σ + ν(mass = 0)
)
, (9)
which describes well the experiment. Therefore, L.H.S of (7) gives the probability (per unit time)
of leptonic two-body decay of the mother A+-meson.
In our preceding paper Ref.[3], we have defined the ratio
R
(
A+(~p = 0), ℓ¯σ;T
)
:=
〈nℓσ, A+(p = 0);T 〉 with all m′js = 0
P0
(
A+(~p = 0)→ ℓ¯σ + ν(mass = 0)
) . (10)
For convenience, we use hereafter the parameter L = T · c instead of T . We see from (7) and (9)
that the deviation of the ratio R
(
A+(~p = 0), µ+;L)/L from 1 gives us a certain information on the
deviation from Fermi’s golden relation. In Ref.[3], the graphs of R(A+(~p = 0), µ+;L)/L have been
given as functions of L/λA for A = π and K cases; here λA = ~/(mAc) is Compton wave length
with the magnitude ∼ 10−15m. Those graphs, Fig.3 and Fig.4 in Ref.[3], teach us that the ratios
R
(
A+, µ+;L)/L for A = π and K approach rapidly to 1 for growing L even from a small L-value
such as L/λA ∼O(102). In Sec.2, we give again those graphs with the aim of seeing more details
concerning the deviation from the golden relation.
Another quantity leading to a measure of the deviation from the golden relation is the difference
R
(
A+(~p = 0), µ+;L
)
/λA − L/λA. (11)
Such a quantity as (11) corresponds to the quantity investigated by Ishikawa and Tobita in Ref.[4].
In the following, after remembering the structures of R
(
A+(~p = 0, µ+;L)/L investigated in
Ref. [3], we consider the structure of the difference (11).
2 Form of the ratio R
(
A+(~p = 0), µ+;L)/L
The ratio (10), which is rewriten in a convenient form for examining its structure, is given as
R
(
A+(~p = 0), ℓ¯σ;T
)
L
=
2/π
a2σ(1 − a2σ)2
I(A+(~p = 0), σ;L), (12)
where
I(A+(~p = 0), σ;L) =
λA
L
∫ ∞
0
db · b2(1− b√
a2σ + b
2
)[ sin( L2λA (1−√a2σ + b2 − b))
(1−√a2σ + b2 − b)/2
]2
, (13)
with
aσ =
mσ
mA
, b = |
~k|
mA
= kmA and also
TmAc
2
~
= Tc · mAc
~
= LλA .
(Eqs. (12) and (13) are equal to Eqs. (43) and (44) in Ref. [3].)
The dependence of the ratio (12) on L/λA are seen from Fig.2 and Fig.3 in the case of ℓ¯σ = µ
+.
When the golden relation is applied to R.H.S of (13), R.H.S of (12) goes to 1. Thus, from the
graphs in Fig.2 and Fig.3, we see that the golden relation appropriately holds for a not-so-large
value of L/λA.
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Figure 2: R(π+(~p = 0), µ+;L)/L. (a) microscopic-L case, L/λ = 0.1 ∼ 103, (b) intermediate-
L case, L/λ ≤ 3 × 104. These graphs correspond to Fig.3 (a) and (b) in Ref.[3]. λπ =
197.3Mev·10−15m
139.6Mev , aµ =
105.7Mev
139.6Mev .
(a) (b)
Figure 3: R(K+(~p = 0), µ+;L)/L, (a) L/λ ≤ 3×103, (b)intermediate-L case. Fig.3.(a) corresponds
to Fig.4 in Ref.[3]. λK =
197.3Mev·10−15m
493.7Mev , aµ =
105.7Mev
493.7Mev .
3 Structure of the difference
(
R(A+(~p = 0), µ+;L)− L)/λA
In this section we examine the difference
(
R(A+(~p = 0), µ+;L) − L)/λA, for λA/L << 1, which
gives another possible measure of the deviation from the golden relation, as mentioned in Sec.1-2.
Hereafter we use for simplicity the notation R(A, µ;L) instead of R(A+(~p = 0), µ+;L).
As to the behavior of this difference under λA/L → 0, there are three possible cases corre-
sponding to the degree how R(A, µ;L)/L− 1 tends to 0;
the difference = (
1
L
R(A, µ;L)− 1) · L
λA
−−−−−−−→
λA/L→ 0


0 if 1LR(A, µ;L)− 1 ∝ (λAL )a with a > 1,
const(6= 0) if 1LR(A, µ;L)− 1 ∝ λAL ,
∞ if 1LR(A, µ;L)− 1 ∝ (λAL )a with 0 < a < 1.
(14)
Concrete numerical calculations of R(A, µ;L)/λA−L/λA for A = π+ and K+, shown by Fig.4,
lead to the result consistent with the middle case of (14); i.e.
1
λA
R(A, µ;L)− L
λA
≃
{
1.702 for A = π+,
−0.583 for A = K+ (15)
4
(a) (b)
Figure 4: Dependence of {R(A, µ;L)−L}/λA(≡ J˜(A, µ;L)); (a) the case of A = π, (b)the case of
A = K.
in the range 103 . L/λA (. 3 × 104). It seems worthy for us to notice that the distributive law(
R(A, µ;L)/L− 1)× LλA = R(A, µ;L)/λA − L/λA is confirmed numerically to hold well.
Thus we may write approximately, in the region L/λA >> 1,
1
L
R(A, µ;L)− 1 = J1(A, µ)λA
L
+ terms with the order
(λA
L
)n
, n ≥ 2, (16)
where
J1(A, µ) ≃ 1.702 and J1(A,K) ≃ −0.583. (17)
It will be neaningful to note that the deviations of the ratio R(A, µ;L)/L from 1 for not-so-large
L/λA, which are seen from Fig.2(a) and Fig.3(a), are consistent with (16) and (17), because
[Case A = π] Fig.2(a) leads to
1.2 ≃ R(π, µ;L)
L
|L
λ
≃10 ≃ 1 +
J1(π, µ)
10
; (18)
[Case B = K] Fig.3(a) leads to
0.95 ≃ R(K,µ;L)
L
|L
λ
≃10 ≃ 1 +
J1(K,µ)
10
. (19)
4 Additional remark on R(A, µ;L)/λA− L/λA
For simplicity, we use the notation
J˜(A, µ;L) = R(A, µ;L)/λA − L/λA. (20)
From (16), we have
J˜(A, µ;L) = J1(A, µ) + terms with the order (
λA
L
)n−1, n ≥ 2. (21)
With the aim of seeing why J˜(A, µ;L) has this structure, we consider the following form of
J˜(A, µ;L) obtained from (12) ;
J˜(A, µ;L) =
( 2/π
a2µ(1− a2µ)2
I(A, µ;L)− 1
) L
λA
(22)
5
At present for convenience, we employ the notation
F (A, µ;L) := I(A, µ;L)L/λA; (23)
then,
J˜(A, µ;L) =
2/π
a2µ(1 − a2µ)2
F (A, µ;L)− L
λA
(24)
By using the concrete form of I(A, µ;L), i.e. Eq. (13), we have
dF (A, µ;L)
dL
=
2
λA
∫ ∞
0
db · b2(1− b√
a2σ + b
2
)
× sin
(
L
2λA
(1−
√
a2σ + b
2 − b) cos( L2λA (1−√a2σ + b2 − b))
(1 −
√
a2σ + b
2 − b)/2 ; (25)
therefore,
λA
dJ˜(A, µ;L)
dL
=
2/π
a2µ(1− a2µ)2
· λA dF (A, µ;L)
dL
− 1 (26)
with
λA
dF (A, µ;L)
dL
=
∫ ∞
0
db · b2(1− b√
a2σ + b
2
)2 sin( LλA (1−√a2σ + b2 − b)
1−√a2σ + b2 − b . (27)
From Eq. (16) and Fig.4, J˜(A, µ;L) is seen to be nearly L-independent and
J˜(A, µ;L) ≃ J1(A, µ) for 103 . L/λA. (28)
The consistence of our calculation is seen, through numerical evaluation of the integral (27), by
confirming
|R.H.S. of (26)| ≪ 1. (29)
It seems meaningful to note the Dirac delta function is expressed as
δ(x) = lim
g→∞
sin(gx)
πx
. (30)
(See Ref.[5].) By applying this relation to R.H.S. of Eq. (27), we obtain, as expected,
λA
dF (A, µ;L)
dL
large L/λA−−−−−−−→ π
2
a2µ(1 − a2µ)2. (31)
This shows the numerical calculations leading to (29) have been correctly performed.
In the considerations described in this report, we have investigated the structures of the ratio
R(A(~p), µ;L)/L and the difference
(
R(A(~p), µ;L)−L)/λA in the case of ~p = 0 for simplicity. These
quantities have characteristic features related with the deviation from Fermi’s golden relation. We
hope those features are confirmed experimentally.
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